1. INTRODUCTION In his paper [14] , A. Wagner showed that every finite afline plane with a line transitive collineation group is a translation plane. On the other hand there are many examples of linie affine planes with point transitive collineation groups which are not translation planes. Hence the hypothesis of line transitivity cannot be replaced by point transitivity. However, all the known finite afline planes with point primitive collineation groups are translation planes. In fact, it is known that point primitivity is sufficient for an afline plane of even order to be a translation plane. The purpose of this paper is to settle this problem and prove the following. THEOREM 1. A finite affine plane with a primitive collineation group is a translation plane.
We note that the problem was proposed by W. M. Kantor in [9, p. 180, "Open problems"]. At the same time he pointed out that his theorem on primitive permutation groups [lo] might be important to solving it.
In Section 3 we reduce the proof of our theorem to a situation, where we can assume that the order n is odd and that the primitive collineation group is a normal extension of a nonabelian simple group, say G. From the classification of the finite simple groups, G is isomorphic to an alternating group Alt(k), a group of Lie type G(q) of characteristic p, or a sporadic simple group (cf. [6] ).
In Section 4 we deal with the case where G N G(q). By Ostrom-Wagner's result on transitive affine planes (cf. [S, Theorem 4.3] ), [G : G,] = n2 and n 1 [GoI for each affrne point X and each point Q on the line at infinity. Then Kantor's results [lo] , together with "p-primitive divisor" arguments give information about maxial subgroups containing G,. This rules out most possibilities for G.
In Section 5 we consider the case G 'v Alt(k). Applying Kantor's results again, we obtain a contradiction.
In Section 6 the case where G is a sporadic group is eliminated by a standard argument of permutation groups.
PRELIMINARIES
Let rc = n(P,9) be an affine plane of order n and denote by I, the line at infinity. The unique line joining two different points P, Q E 9 is denoted by PQ and the unique point incident with two different lines 1, g E 9 by 1 ng. A line I is sometimes identified with the set of points on 1. Let S be a nonempty set of collineations of 7~. Then any element of S is often viewed as a collineation of the projective plane rc* associated with 7~ (cf. [7] ). Define P(S) to be the fixed structure consisting of all elements of rc* fixed by S. Let G be a collineation group of rc and .d a subset of 9 or 9. Then G,, = { gE GI X" = X for each XE &} is the elementwise stabilizer and G(d) = {g E G 1 dR = J$} is the global stabilizer. Denote by SC the set of all G-conjugates of S and by SC n H the set of all elements of S" contained in a subgroup H of G. Further N,(H) or C,(H) is the normalizer or centralizer of H in G, respectively. For subgroups X and Y of G, set [X, Y] = (x-'y-'xyylxEX, YE Y). To prove our theorem we use some results on afline planes, permutation groups, or simple groups of Lie type, which are contained in [8] , [15] , or [3] , respectively. Throughout the paper all sets are assumed to be finite.
We now prove some preliminary lemmas to be used in later sections.
LEMMA 2.1. Let G he a transitive collineation group of a finite affine plane ~(9, 9) of order n and set H = G, for some P E 9. Then the following hold.
(i) For any nonempty subset X of H, IN,(X)1 x IX' n HI = IHI x IF(X) n 9'1.
(ii) For any element z of G, define Z(z) = ICI x IH(/IC,(z)('.
If z is either a Baer collineation or a nontrivial perspectivity which has more than one,fixed point, then J'?@ is a positive integer.
ProoJ: Set Y = {(Q, Y)) YE XG, Q E F( Y) n 9'). By counting the number of elements of Y in two ways we have IG : H( x IX' n HJ = IG : NG(X)I x IF(X) n 91. Hence (i) holds.
Under the hypothesis of (ii) the number of fixed points of z on 9 is exactly n. Applying (i), IC,(z)( I x Jz' n HI = IH] x Jm. Hence IzG n HI 2 = IGI x IHI// C,(z)] 2 E N. Here N is the set of all positive integers. LEMMA 2.2. Let ~(9, 9) he an affine plane of odd order n and S its collineation group of order 2" for some m E N. Suppose "A$ N. Then, either S contains a nontrivial perspectivity or ISI I2(& -1 )3.
Proof
Since n is odd, B(S) n 9 # a. Let P E F(S) n 9 and assume that S contains no perspectivities. Then the fixed structure of each involution of S is a subplane of rc* of order & by Baer's theorem (cf. For each subset J of C denote by G, ( 2 B) the parabolic subgroup of G corresponding to J [3] . View G as a normal subgroup of Aut(G) and let GO be the normal subgroup of Aut(G) generated by G together with all the diagonal and field automorphisms of G. Each element 0 of Aut(G) can be expressed in the form 9 = idfg (2.4) with i, d, f, and g being inner, diagonal, field, and graph automorphisms, respectively. A mapping $ from Aut(G) into the symmetric group on C defined by 8 I-+ gz is a homomorphism having the kernel GO. LEMMA 2.5. Let G, A, and C be as stated above. Let F be a subgroup of Aut(G) containing G and assume that F acts faithfully and primitively on a finite set Q. If the stabilizer G, of a point x E G is a parabolic subgroup of G which contains B, then G, = G, for some maximal $(F)-invariant subset J of z.
Proof: By the assumption, G, = G, for some subset J of Z. Let 0 = idfg be any element of F,X expressed in the form as stated in (2.4). Since
and hence (G,)'= (G,)'dfi'-' = G, by [3, Theorem 8.3 .31. It follows that iE G, and dfgE F,. Hence F, = G,A, where A = (dfg 1 dfg E F,). As F, is a maximal subgroup of F, G, is a maximal A-invariant subgroup of G. Since all diagonal and field automorphisms leave each parabolic subgroup which contains B invariant, G, must be a maximal $(A)-invariant parabolic subgroup of G. As $(A) = IC/(F), the lemma holds.
Let p be a prime and s a positive integer. A prime u is said to be a prime p-primitive divisor of ps -1 if u 1 p' -1 but u[p' -1 for all integers i with 1 < i < s. In [ 161 Zsigmondy proved that a prime p-primitive divisor exists unless either (i) s = 6 and p = 2 or (ii) n = 2 and p is a Mersenne prime. In Section 4 we will use Kantor's result [lo] on primitive permutation groups in the following special form. LEMMA 
(W. M. Kantor [lo]).
Let F be a primitive permutation group on a set 52 of odd degree having a normal subgroup G isomorphic to a simple group of Lie type of odd characteristic p. Set M= G,Y for some x E Q. Then A, # 0 and ul IMI for all u E A, except in the following cases:
Remark. In the case G = D, (p) we have v = v(D4) = 6 and IMJ = IGl/lsZl = 21235527 or 2123. 7. Hence, if u 1 /MI for some u E A,, then u # 3,5 by the definition of A,. Therefore A, = { 7) in this case. LEMMA 
Let F be a primitive permutation group on u set 52 of odd degree having a normal subgroup G. Assume that G is isomorphic to a group of Lie type of odd characteristic p associated with a root system A. Set M= G, for some x E Q and let C = {r,, . LEMMA 2.11. Let p be a prime and let n and c be integers such that n E N and Icl<p". Zf J-EN,
Proof. Set z = Jm.
Clearly z 3 2. Since z2 =p2n + cp" + 1 < 2pzn -p" + 1 < 2pZn, we have 26z-~&'p".
First suppose p > 2. As p"(p" + c) = (z -l)(z + 1) and pJ(z -1, z + 1) = (z-1,2), z-E=tp", where&=1 or -1 and tEN. By the first paragraph, t=l. Hencep"(p"+c)=(p"+s+l) and so c=2s~(f2}. Next suppose p = 2. As z is odd, (z -1, z + 1) = 2. Hence 2(z -E) = t2" for some teN and EE{&~}. As z<$?p", t63.
If t=3, then (2~2")(2(2"+~))=(2~-2)(2~+2)=(3.2"+2~-2)(3.2"+2~+2) and so ~=5.2"-~+3~<2"--1.
Hence (iii) holds unless c# -2. If t=2, then (2.2")(2(2"+~))=(2.2"+2&--2)(2.2"+2~+2).
Hence c=2.s and (i) follows. If t = 1, then (2.2")(2(2" + c)) = (2" + 2s -2)(2" + 2s + 2). Hence c = -3 . 2"-2 + E. Assume c # -2. Then n > 3 and ICI < 2" and (ii) follows.
A MINIMAL NORMAL SUBGROUP
In the rest of the paper n = ~(9, 9') is an affine plane of order n which admits a collineation group F primitive on the set of afftne points 9. Further, assume the following. In this section we consider a minimal normal subgroup of F and show that it must be a nonabelian simple group. Since G contains no perspectivities, there exists a point P on 1, not fixed by G. Set N=G,.
Clearly IG : Nl < /l,/ = n + 1. As IF(G) n l,l # 1, IG : Nl # n. If IG : Nl = n + 1, then G is transitive on 2 and so contains a nontrivial perspectivity by [14] , contrary to Hypothesis 3.0. Thus (iv) holds. (M,) , acts semiregularly on 9 -Y2 n 9. Further Ir, n r,l = 1 for any r, E <d2. Therefore M, acts on r, as a Frobenius group. This implies that M, is not a simple group (cf. [S, Theorem 7.51) a contradiction. If C,(G) # 1, then C,(G) is transitive on 9 and hence C,(C,(G)) (2 G) is regular on 9, a contradiction. By Lemma 3.4, G is a nonabelian simple group and F is isomorphic to a subgroup of Aut(G). From the classification of the finite simple groups, G is isomorphic to one of the following groups: (i) alternating groups Alt(k), (ii) groups of Lie type G(q), (iii) the 26 sporadic simple groups. We will deal with these cases separately in Sections 46.
GROUPS OF LIE TYPE
Let 7c = n(P, .9), F, G be as defined in Section 3. Let M be the stabilizer of an affine point of 7c in G. In this section we assume that G is isomorphic We now conider the case that p = 2. By [ 10, Lemma 2.31, together with Lemma 2.5, we have the following result. On the other hand if (c), (f), or (h) occurs, we have (i), (iv) , or (ii), respectively. Each of the remaining cases we can verify the following:
A,(4)> 2A4(2), 'A,(2), C, (2) A,= {ll}, ll'JIG1
A, = { 17}, 17'jlGI
A, = { 13}, 132J1GI
Let G be one of these and put A,= {u}. By Lemma 2.7(i), u 1 IG : Ml. Hence u4 1 IG : MI by Lemma 3.1 (iii). In particular u4 1 ICI, a contradiction. 
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It is easy to check that in each case dm is less than the minimal degree of G by the results of [4] . Since ,/m = n < II, 1, G = G, for any PEI,, a contradiction.
In each of the remaining cases we can check by Lemma4.7 that [G : M] = (q2' + cq'+ 1)k for suitable t, c, and k such that t, ks N, ce{fl,O} and (q"+cq'+l,k)=l: 
ALTERNATING GROUPS
In this section we assume that G is isomorphic to Alt(Q), the alternating group on a finite set Q with d elements. By Lemma 3.l(iii)(iv), d> 18.
Let M be the stabilizer of an afline point of rc(P, 9). By [lo, Theorem C], one of the following occurs: J n E N and so n < 9. If n = 9, then k = $, a contradiction. Hence n < 8. But it is known that every affine plane of order at most 8 is desarguesian.
Therefore k-1=3 or 6 as k>4 and n=(5.7.13)/19 or (3352. 13)/(2 .73), respectively. This is a contradiction. 
Since kk-'>,k! and (I--1)!ag13 for k34 and 1~5, we have 
SPORADIC SIMPLE GROUPS
In this section we consider the case that G is isomorphic to one of the 26 sporadic simple groups (cf. [6, Chapter 23) . Let S be a Sylow 2-subgroup of G and z an involution of Z(S). Let p0 be a maximal prime dividing 1GI. Set rcO = F(z), A = non I, and r= I, -A. By Lemma 3.l(iii), since IS/ > 22' and S/T N S" < Sym(n) 'v Sym( 16) . By Lemma 6.3, 1 TI 1 m -1 = 34 -1 = 245, a contradiction. We have proved the following. LEMMA 6.7. G is not isomorphic to any sporadic simple group.
Remark. In this section we only used the assumption that G is transitive on 9 and has no involutory perspectivities. Hence we have practically shown the following fact. PROPOSITION 6.8. If an affine plane of odd order admits a point transitive coliineation group isomorphic to one of the 26 sporadic simple groups, then the group contains an involutory perspectivity.
By Lemmas 4.6, 4.8, 5.5, 6.7, we have a contradiction. This implies that the group F contains a nontrivial perspectivity. Thus we have obtained the following.
THEOREM 2. A point primitive collineation group of a finite affine plane contains a nontrivial perspectivity.
